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1. INTRODUCTION
Convexity plays a central role in mathematical economics, engineering,
management science, and optimization theory. We have witnessed a rapid
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growth of the research on generalized convexity in the past decade. A
significant generalization of convex functions termed preinvex functions
   was introduced in Weir and Mond 1 and Weir and Jeyakumar 2 .
Extensive work has been reported in the literature on generalized convex
Ž   .functions see 19 and the references therein . In this paper, we consider
the class of preinvex functions introduced by Weir and co-workers. Espe-
cially under semicontinuity conditions, determination of the satisfaction of
preinvexity for a function can be achieved via an intermediate-point
preinvexity check of the function. A characterization of the preinvex
function in terms of its relationship with intermediate-point preinvexity
and prequasi-invexity is provided.
2. NOTATIONS
   Weir and Mond 1 and Weir and Jeyakumar 2 presented preinvex
functions as follows.
  nDEFINITION 2.1 1, 2 . A set K is said to be invex if there exists a
vector function :  n  n n such that
 x , y K ,  0, 1  y  x , y  K .Ž .
Ž .A convex set is an invex set by taking  x, y  x	 y. But the converse
does not hold.
EXAMPLE 2.1. This example illustrates that the invex set is not neces-
   sarily a convex set. Let K 	3,	2 
 	1, 2 and
x	 y if 2 x	1, 2 y	1;
x	 y if 	3 x	2,	3 y	2; x , y Ž . 	3	 y if 	1 x 2,	3 y	2;	1	 y if 	3 x	2,	1 y 2.
Then K is an invex set with respect to , but it is obvious that K is not a
convex set.
  nDEFINITION 2.2 1, 2 . Let K be an invex set with respect to :
 n  n n. Let f : K. We say that f is preinvex if
 f y  x , y   f x  1	  f y ,  x , y K ,  0, 1 .Ž . Ž . Ž . Ž .Ž .
  nPini 6 showed that if f is defined on an invex set K and is preinvex
and differentiable, then f is also invex with respect to , i.e.,
Tf y 	 f x   y , x f x .Ž . Ž . Ž . Ž .
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 Pini 6 gave an example which illustrates that preinvexity implies invexity.
 But the converse is not true in general. Mohan and Neogy 9 introduced
Condition C as follows.
CONDITION C. Let :  n  n n. We say that the function 
satisfies Condition C if, for any x, y,
C  y , y  x , y 	 x , y ,Ž . Ž . Ž .Ž .1
C  x , y  x , y  1	   x , y ,Ž . Ž . Ž . Ž .Ž .2
 for all  0, 1 , hold.
 Mohan and Neogy 9 proved that a differentiable function which is
invex on K , with respect to , is also preinvex under Condition C. Note
that the function  in Example 2.1 is not defined on a convex set and that
 satisfies Condition C.
There exist many vector functions that satisfy Condition C. For example,
 4let K	 0 and
x	 y if x 0, y 0,x	 y if x 0, y 0, x , y Ž . 	y otherwise.
It is clear that K is an invex set and that  satisfies Condition C.
  nDEFINITION 2.3 9 . Let K be an invex set with respect to :
 n  n n. Let f : K. We say that f is prequasi-invex if
 f y  x , y max f x , f y ,  x , y K ,  0, 1 . 4Ž . Ž . Ž .Ž .
DEFINITION 2.4. Let S be a nonempty subset of  n. The function f :
S is said to be upper semicontinuous at x S, if for every  0
 there exists a  0 such that for all x S, if x	 x   , then
f x  f x   .Ž . Ž .
If 	f is upper semicontinuous at x S, then f is said to be lower
semicontinuous at x S.
3. SEMICONTINUITY AND PREINVEX FUNCTIONS
The following result concerning convex functions is well known.
 LEMMA 3.1 10 . Let f be a continuous real-alued function on a conex
set S n. If
1 1 1 1
f x y  f x  f y ,  x , y S,Ž . Ž .ž /2 2 2 2
then f is a conex function on S.
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The importance of the above lemma is that the convexity can be
determined by checking a midpoint convexity under the continuity condi-
tion. The same spirit will be followed in this paper. In this section, we will
present two conditions that determine the preinvexity of a function via an
intermediate-point preinvexity check under conditions of upper and lower
semicontinuity, respectively. Our development extends the convexity re-
sults in Lemma 3.1 to preinvexity results. First, we derive the following
basic result in Lemma 3.2 which will be used to prove Theorems 3.1 and
4.1.
LEMMA 3.2. Let K n be an inex set with respect to :  n  n
n Ž Ž .. Ž . and  satisfy Condition C. If f : K satisfies f y  x, y  f x ,
Ž . x, y K , and there exists an  0, 1 such that
f y  x , y   f x  1	  f y ,  x , y K , 1Ž . Ž . Ž . Ž . Ž .Ž .
    Ž Ž .. Ž . Ž . Ž .then the set A  0, 1 f y  x, y   f x  1	  f y ,  x,
4  y K is dense in 0, 1 .
Proof. Note that both  0 and 1 belong to Set A based on the fact
Ž . Ž . Ž Ž .. Ž .that f y  f y and the assumption f y  x, y  f x . Suppose that
 the hypotheses hold and A is not dense in 0, 1 . Then there exists a
Ž . Ž .  0, 1 and a neighborhood N  of  such that0 0 0
N   A. 2Ž . Ž .0
Define
  inf  A   , 3 4 Ž .1 0
  sup  A   . 4 4 Ž .2 0
Ž .Then, by 2 , we have
0     1.2 1
Now, since
 , 1	   0, 1 , 4Ž . Ž .
we can choose u , u  A with u   and u   such that1 2 1 1 2 2
 4max  , 1	  u 	 u   	  . 5Ž . Ž .1 2 1 2
Then
u      u .2 2 1 1
Next, let us consider
 u  1	  u .Ž .1 2
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From Condition C, we have
y u  x , y   y u  x , y , y u  x , yŽ . Ž . Ž .Ž .2 1 2
 y u  x , y   y u  x , y , y u  x , yŽ . Ž . Ž .Ž2 1 1
	 u 	 u  x , yŽ . Ž . .1 2
 y u  x , y   y u  x , y , y u  x , yŽ . Ž . Ž .2 1 1ž
u 	 u1 2  y , y u  x , yŽ .Ž .1 /u1
u 	 u1 2 y u  x , y 	   y , y u  x , yŽ . Ž .Ž .2 1u1
 y u   u 	 u  x , yŽ . Ž .2 1 2
 y  x , y ,  x , y K .Ž .
Note that Condition C is used in the second, third, and fourth equalities.1
Ž .Hence, from 1 and u , u  A we obtain1 2
f y  x , yŽ .Ž .
 f y u  x , y   y u  x , y , y u  x , yŽ . Ž . Ž .Ž .2 1 2
  f y u  x , y  1	  f y u  x , yŽ . Ž . Ž .Ž . Ž .1 2
  u f x  1	 u f y  1	  u f x  1	 u f yŽ . Ž . Ž . Ž . Ž . Ž . Ž .1 1 2 2
  f x  1	  f y .Ž . Ž . Ž .
That is,  A.
Ž .If   , then from 5 we have0
	 u   u 	 u   	  ,Ž .2 1 2 1 2
and therefore   . Because   and  A, this is a contradiction1 0
Ž . Ž .of 3 . Similarly,   leads to a contradiction of 4 . Consequently, A is0
 dense in 0, 1 , which completes the proof.
THEOREM 3.1. Suppose that K n is an open inex set with respect to
:  n  n n where  satisfies Condition C. Assume that f is an upper
Ž Ž ..semicontinuous real alued function on K and f satisfies f y  x, y 
Ž .f x ,  x, y K. Then f is a preinex function on K if and only if there exists
Ž .an  0, 1 such that
f y  x , y   f x  1	  f y ,  x , y K .Ž . Ž . Ž . Ž .Ž .
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Proof. The necessity follows directly from the definition of the preinvex
function. We only need to prove the sufficiency.
Suppose that the hypotheses hold and f is not preinvex on K. Hence,
Ž .there exist x, y K and  0, 1 such that
f y  x , y   f x  1	  f y . 6Ž . Ž . Ž . Ž . Ž .Ž .
Let
z y  x , y ,Ž .
 A  0, 1 f y  x , y   f x  1	  f y , Ž . Ž . Ž . Ž .Ž .
 x , y K .4
From the hypotheses in the theorem and Lemma 3.2, A is dense. Thus,
 4there exists a sequence  with   A such thatn n
   n 	 .Ž .n
Define
	 n
y  y  x , y .Ž .n ž /1	 n
Then,
y  y n 	 .Ž .n
Since K is an open invex set, then when n is large sufficiently we have
y  K ,n
and from Condition C we have
y    x , yŽ .n n n
	  	 n n y  x , y    x , y  x , yŽ . Ž .nž / ž /ž /1	  1	 n n
 y  x , y  z . 7Ž . Ž .
By the upper semicontinuity of f on K , for any  0 there exists N 0
such that the following holds when nN:
f y  f y   .Ž . Ž .n
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Ž .Therefore, from 7 and   A,n
f z  f y    x , yŽ . Ž .Ž .n n n
  f x  1	  f yŽ . Ž . Ž .n n n
  f x  1	  f y  Ž . Ž . Ž .Ž .n n
  f x  1	  f y   n 	 .Ž . Ž . Ž . Ž .Ž .
Since  0 may be arbitrarily small, we have
f z   f x  1	  f y ,Ž . Ž . Ž . Ž .
Ž .which contradicts the inequality 6 . Hence f is a preinvex function on K.
THEOREM 3.2. Let K be a nonempty inex set in  n with respect to :
 n  n n where  satisfies Condition C. Assume that f : K is a
Ž Ž .. Ž .lower semicontinuous function and that f satisfies f y  x, y  f x for
all x, y K. Then f is a preinex function on K if and only if , for any x,
Ž .y K , there exists an  0, 1 such that
f y  x , y   f x  1	  f y . 8Ž . Ž . Ž . Ž . Ž .Ž .
Proof. The necessity follows directly from the definition of the preinvex
function. We only need to prove the sufficiency.
Ž .By contradiction, suppose that there exist x, y K and  0, 1 such
that
f y  x , y   f x  1	  f y . 9Ž . Ž . Ž . Ž . Ž .Ž .
Let
x  y t x , y , t , 1 ,Ž . Žt
and
B x  K t , 1 , f x  f y t x , y  tf x  1	 t f y ,Ž Ž . Ž . Ž . Ž . Ž .Ž .½ 5t t
u inf t , 1 x  B .Ž½ 5t
It is easy to check that x  B from the assumption in the theorem and1
Ž .that x  B from 9 . Then,
x  B ,  t u ,t
 4and there exists a sequence t with t  u and x  B such thatn n tn
t  u n 	 .Ž .n
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Since f is a lower semicontinuous function, we have
f x  lim f xŽ . Ž .u tnn	
 lim t f x  1	 t f y 4Ž . Ž . Ž .n n
n	
 uf x  1	 u f y .Ž . Ž . Ž .
Hence,
x  B.u
Similarly, let
y  y t x , y , t 0,  ,Ž . .t
 D y  K t 0,  , f y  f y t x , y  tf x  1	 t f y ,Ž . Ž . Ž . Ž . Ž .Ž . 4.t t
and
  sup t 0,  y D . 4. t
It can be verified that
y  yD , y  y  x , y D ,Ž .0 
Ž .where 9 is used in the second equation.
Then
y D ,  t ,t
 4and there exists a sequence t with t  and y D such thatn n tn
t   n 	 .Ž .n
Since f is a lower semicontinuous function, we have
f y  lim f yŽ . Ž . tnn	
 lim t f x  1	 t f y 4Ž . Ž . Ž .n n
n	
f x  1	 f y . 10Ž . Ž . Ž . Ž .
Hence,
y D.
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From the definitions of u and  , we have
0  u 1.
Now, from Condition C,
x   y , xŽ .u  u
 y u x , y   y x , y , y u x , yŽ . Ž . Ž .Ž .
 y u x , y   y x , y , y x , yŽ . Ž . Ž .Ž
 u	  x , x , yŽ . Ž .Ž . .
 y u x , y   y x , y , y x , yŽ . Ž . Ž .ž
u	
  x , y x , yŽ .Ž . /1	
u	
 y u x , y 	   x , y x , yŽ . Ž .Ž .
1	
 y u	  u	  x , yŽ . Ž .
  y   1	  u  x , y ,  0, 1 .Ž . Ž .
Hence, from the definitions of u and  , we have
f x   y , xŽ .Ž .u  u
 f y   1	  u  x , yŽ . Ž .Ž .
   1	  u f x  1	  	 1	  u f yŽ . Ž . Ž . Ž .
  f x  1	 f y  1	  uf x  1	 u f yŽ . Ž . Ž . Ž . Ž . Ž . Ž .
  f y  1	  f x ,  0, 1 ,Ž . Ž . Ž . Ž . u
Ž . Ž .which contradicts 8 . In the above derivation, 10 is used in the first
equality, and u B and  D are used in the last inequality.
COROLLARY 3.1. Let K be a nonempty inex set in  n with respect to :
 n  n n, where  satisfies Condition C. Assume that f : K is a
Ž Ž .. Ž .lower semicontinuous function and that f satisfies f y  x, y  f x for
all x, y K. Then f is a preinex function on K if and only if there exists an
Ž . 0, 1 such that the following holds for eery x, y K :
f y  x , y   f x  1	  f y .Ž . Ž . Ž . Ž .Ž .
From the results in this section, under semicontinuity conditions, judg-
ing a function to be preinvex or not can be reduced to checking intermedi-
ate-point preinvexity for the function.
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4. RELATIONSHIP WITH PREQUASI-INVEX FUNCTIONS
 In 11 , Nikodem obtained an interesting result as follows.
LEMMA 4.1. Let f be a real-alued function on a conex set A n
where the domain of f is an open set. Then f is conex function on A if and
only if it is quasi-conex function on A and
1 1 1 1
f x y  f x  f y ,  x , y A.Ž . Ž .ž /2 2 2 2
 We will generalize the result by Nikodem 11 to preinvex situations in
the following theorem.
THEOREM 4.1. Let K n be an inex set with respect to :  n  n
 n where  satisfies Condition C. Then the real-alued function f is
preinex on K if and only if it is a prequasi-inex function on K and there exists
Ž .an  0, 1 such that
f y  x , y   f x  1	  f y ,  x , y K . 11Ž . Ž . Ž . Ž . Ž .Ž .
Proof. The necessity is easy to verify. We only need to prove the
sufficiency.
Ž .  For every x, y K , let z  y  x, y ,  0, 1 . Two different
Ž . Ž . Ž . Ž .situations where f x  f y or f x  f y will be considered separately
in the following.
Ž . Ž . Ž .I f x  f y . We need to show that
 f y  x , y   f x  1	  f y ,  0, 1 .Ž . Ž . Ž . Ž .Ž .
Ž By contradiction, suppose that there exists 
 0, 1 such that
f z  f y 
 x , y  
 f x  1	 
 f y  f x  f y .Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .

12Ž .

	 Ž .i Assume that 0  
 1. Let u . From Condition C, we
1	 
have
z  z   x , z .Ž .
 u u
Ž . Ž .From 11 and 12 , we obtain
f z   f x  1	  f z  f z . 13Ž . Ž . Ž . Ž . Ž . Ž .
 u u
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Ž . Ž .In the second inequality, the fact that f x  f z is used. Otherwise, thisu

	 uŽ .leads to a contradiction to 12 . On the other hand, let t ; from


Condition C, we have
z  z  t y , z .Ž .u 
 

Ž . Ž .Hence, from the prequasi-invexity of f and f y  f z , we get

f z  f z  t y , z  f z ,Ž . Ž . Ž .Ž .u 
 
 

Ž .which contradicts the inequality 13 .

Ž .ii Assume that 0 
  1. Let u  
. From Condition

C, we have
z  y  z , y . 14Ž . Ž .
 u
Ž . Ž . Ž .From 11 and 14 as well as 12 , we obtain
f z   f z  1	  f y  f z . 15Ž . Ž . Ž . Ž . Ž . Ž .
 u u
u	 
Let t . From Condition C, we have
1	 

z  z  t x , z .Ž .u 
 

Ž . Ž .From the prequasi-invexity of f and f x  f z , we get

f z  f z  t x , z  f z ,Ž . Ž . Ž .Ž .u 
 
 

Ž .which contradicts the inequality 15 .
Ž . Ž . Ž .II f x  f y . In this case, we need to show that
 f y  x , y   f x  1	  f y ,  0, 1 .Ž . Ž . Ž . Ž .Ž .
Ž .By contradiction, suppose that there exists 
 0, 1 such that
f y 
 x , y  
 f x  1	 
 f y . 16Ž . Ž . Ž . Ž . Ž .Ž .
From Lemma 3.2, we know that for A, defined in Lemma 3.2,
f y  x , y   f x  1	  f y ,  A.Ž . Ž . Ž . Ž .Ž .
Ž . Ž . Ž . Ž .a Assume that f x  f y . Then from 16 and the density of
A, there exists u A with u 
 such that
f z  f y u x , y  uf x  1	 u f y  f y 
 x , yŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .u
 f z . 17Ž . Ž .
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	 uLet t . It is obvious that 0 t 1 and, from Condition C, we have
1	 u
z  z  t x , z .Ž .
 u u
Ž . Ž . Ž .i If f x  f z , from the prequasi-invexity of f we getu
f z  f z  t x , z  f z ,Ž . Ž . Ž .Ž .
 u u u
Ž .which contradicts the inequality 17 .
Ž . Ž . Ž . Ž .ii If f x  f z , from the prequasi-invexity of f and f x u
Ž . Ž .f y , as well as 16 , we get
f z  f z  t x , z  f x  
 f x  1	 
 f y  f z ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .
 u u 

which is a contradiction.
Ž . Ž . Ž . Ž .b Assume that f y  f x . Then from 16 and the density of
A, there exists u A with u 
 such that
f z  f y u x , y  uf x  1	 u f y  f y 
 x , yŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .u
 f z . 18Ž . Ž .

u	 
Let t . It is obvious that 0 t 1, and from Condition C we have
u
z  z  t y , z .Ž .
 u u
Ž . Ž . Ž .i If f y  f z , from the prequasi-invexity of f we get thatu
f z  f z  t y , z  f z ,Ž . Ž . Ž .Ž .
 u u u
Ž .which contradicts the inequality 18 .
Ž . Ž . Ž . Ž .ii If f y  f z , from the prequasi-invexity of f and f y u
Ž . Ž .f x , as well as 16 , we get
f z  f z  t y , z  f y  
 f x  1	 
 f y  f z ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .
 u u 

which is a contradiction. This completes the proof.
The derived result reveals that under certain conditions preinvexity is
equivalent to prequasi-invexity when an intermediate-point preinvexity is
satisfied. In all results obtained in this paper on preinvexity, Condition C
seems to be an indispensable assumption.
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